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1. Introduction 

Quantum chromo dynamics (QCD) witii massless quarlcs is classically scale invariant; 
it contains no explicit small parameters. Quantum mechanically, the character of QCD 
changes depending on the nature of available probe. At short distances, due to asymptotic 
freedom, the basic degrees of freedom are weakly coupled quarks and gluons. Collisions 
where all invariants {pi-Pj} are large probe short-distance physics and can be treated 
perturbatively. Over the past two decades, perturbative tests of QCD have been met with 
continued success, leaving little doubt on it being the correct theory of strong interactions. 
As one moves to larger distance scales, the coupling strength increases and one enters the 
nonperturbative quark-gluon confinement regime. Short of resulting to lattice numerical 
studies, the most promising tool for a non-perturbative treatment of QCD which builds in 
confinement naturally remains the topological treatment based on 1/Nc expansion. Indeed, 
many qualitative features of low energy hadronic phenomenology can best be understood 
in such a setting. Unfortunately, quantitative calculational scheme is still lacking, and it 
is unlikely one could be developed in the near future. 

Formally, a high energy hadronic collision in the near-forward limit corresponds to the 
mixing of a "short-distance" phenomenon in the longitudinal coordinates with a "long- 
distance" phenomenon in the transverse coordinates. By treating the longitudinal and 
transverse degrees of freedom separately, one could hope that a "dimensional reduction" 
scheme can be formulated, reducing QCD at high energies to an effective two-dimensional 
field theory. An interesting attempt in this direction has been made recently by Verlinde 
and Verlinde [|l[. The effective theory involves several fields and two coupling constants, 
the original gauge coupling g and an effective coupling e^ ~ g^ logs. 

In this paper, we would like to explore the viability of this approach further by study 
a simpler situation, high energy scattering of QCD in 2-1-1 dimensions, where the resulting 
effective theory is one-dimensional. 

In Ref. [|l|] , one first accepts the conventional wisdom that the high energy behavior of 
hadron-hadron near-forward amplitudes in QCD can be extracted by studying the corre- 
sponding quark-quark scattering amplitudes. One further assumes that the latter can be 
expressed in terms of correlators of certain Wilson lines |^. Denote the center of mass 
squared by s and the momentum transfer squared by t; one is interested in the region 
where s » \t\. One normally also assumes that |i| is still greater than Aqcd- This later 
condition hopefully ensures that the perturbation makes sense. As we shall see, Verlindes' 
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formulation presumes no perturbative expansion, and indeed explicit nonperturbative cal- 
culation can actually be done in this approach when one considers 2+1 QCD. For related 
approaches, see [0. 

Let a be the longitudinal index and i the transverse index. Starting with the standard 
Yang-Mills action, let us scale the longitudinal coordinates by a factor A = l/i/i, which 
corresponds to a scaling of longitudinal momenta by y^. It follows that components F^fi 
of the field strength are scaled by a factor A~^, F^Li by a factor A~^, with Fij left intact, 
z.e., the Yang-Mills action now reads as 



^ = 4^ /^'^*^(^"'^-/5 + 2F2, + ^'4)- (1-1) 



Verlinde and Verlinde first assume that, with A small at high energies, one can neglect the 
third term in the above action. We note here that in working with 2-1-1 dimensions, this 
term is actually absent, because there is only one transverse dimension. It thus removes 
one possible sources of uncertainties concerning this novel approach [Q . 

The next crucial assumption made in |1[] is that the fluctuation of the longitudinal 
components is suppressed due to the first term in the above equation. A^ is therefore flat in 
the longitudinal directions and one can replace it by dctGG~^ in the second term. Finally, 
one integrates over longitudinal coordinates, leading to an effective two dimensional action, 
involving seven matrix fields. Unfortunately, this effective theory is still too complicated to 
be amenable to explicit calculation. As we shall see, by studying 2-1-1 QCD, our effective 
theory is one-dimensional, involving only three independent fields. This allows us to study 
the model both perturbatively as well as exactly in e^(s). 

In order to provide some relevant background for proper appreciation of the possible 
significance of the approach of Ref. [Q , we recall that one of the most striking aspects of 
high-energy hadron-hadron scattering is the continued increase of the total cross section 
aT with the energy. Traditional approach to high energy near-forward hadronic collisions 
invariably involves the notion of Pomeron. A rising cross section first requires a Pomeron 
with a zero momentum transfer intercept greater than one, which, if uncorrected, would 
lead to the violation of Froissart bound at asymptotic energies. Either through an eikonal 
or other more elaborate schemes, screening corrections hopefully would then lead to an 
expanding disk picture. 

There are currently two seemingly conflicting interpretations of Pomeron in QCD: 
One based on perturbative leading log approximation (LLA) and another 



based on nonperturbative (large- A^ and/or phenomenological) consideration |T^]. In a 



perturbative treatment, a Pomeron loosely corresponds to the color-singlet bound state 
of two (reggeized) gluons. In a nonperturbative treatment, the Pomeron is thought to 
correspond to nonperturbative gluon exchanges having the topology of a closed string. 

One potential advantage of the Verlindes' approach, as stated earlier, is the fact that 
it offers the possibility of providing either an alternative perturbative LLA treatment or 
a starting point for nonperturbative studies. An attempt in unifying both perturbative 
and nonperturbative aspects of high energy hadron collisions has been made in [|Tl|. In 
generating a perturbative Pomeron [Q, it is important to identify on the one hand 
the "Lipatov vertex" and on the other hand the reggeization of gluons. The former has 
been demonstrated in Ref.[Q, but the possibility of gluon reggeization remains unclear. In 
section 3 we demonstrate that, under Verlindes' approach, reggeization does not occur for 
2+1 QCD at high energies. This may pose a question as whether one need modify the 
ansatz for how log s enters the effective action. 

Although the above result might cast doubts on the reliability of the Verlindes' scheme, 
it is nevertheless interesting to push the program further for extracting other nonpertur- 
bative consequences. We begin first by introducing a new procedure in section 4 which 
allows to perform nonperturbative analysis. In section 5 we discuss exact result for the 
quark-quark high energy scattering for 2+1 QCD under Verlindes' treatment. In section 6 
we discuss hadron-hadron scattering in 2+1 QCD and briefiy comment on the case of 3+1 
QCD. 



2. Verlindes' approach to high energy scattering in QCD 

In this section we first briefiy review Verlindes' approach [Q to high energy quark- 
quark scattering at fixed momentum transfer. We then simplify their effective action to 
set the framework for calculation of scattering amplitude. 

Consider quark-quark scattering in QCD with center of mass energy squared s. s 
is very large, and the momentum transfer t is much smaller than s, but still greater 
than Aqcd- This later condition ensures that the perturbation makes sense. Indeed, 
as we shall see, Verlindes' formulation presumes no perturbative expansion, and indeed 
nonperturbative calculation can be done in this formulation when one considers 2+1 QCD. 



Under the same assumption where one drops lower order terms under the longitudinal 
scale transformation, the quark-quark scattering amplitude can be expressed in terms of 
correlation of two Wilson lines 

A{s,t= V) = -^Jd'^e-^''{iV+{0) - l){V.{z) - 1)), (2.1) 

where V± = e-^-°° , involve longitudinal gauge field components only. The pre-factor 

2^ comes from kinematics in longitudinal dimensions, niq is the quark mass (we assume 
the two quarks have the same mass, although this is not necessary). A detailed justification 
of the use of Wilson lines for quark-quark scattering can be found in Ref. 0] . 

As stated in the introduction, we accept that it is justifiable at high energies to ap- 
proximate Act by the pure gauge condition daGG~^ while dropping the first term X~'^F^p 
in Eq. (|l.l|) . One next integrates over longitudinal coordinates, assuming that the gauge 
transformed Ai satisfies classical equation d^d-{G~^DiG) = 0. An effective two dimen- 
sional action is thus obtained, involving fields at four end-points of two quark trajectories. 
There are totally six fields in this action, qa, A = 1,2, are values of G at the two ends 
of the left moving quark, /i^, A = 1,2, are values of G at the two ends of the right 
moving quark, a^ are gauge fields associated with the left moving and the right moving 
trajectories respectively. 

This effective action is singular in that some fields have a singular propagator. Verlin- 
des then regularize the action by noting the fact that both quarks are actually not exactly 
light-like. Their classical trajectories depart from their light-cones by an amount propor- 
tional to 1/v^- The propagator of transverse components Ai then acquires s dependence 
through logs. We shall not go through their derivation, but just quote their result. The 
regularized action is 

S[gA,hB,af] = ^ j d^zM^^'trig^'D+gAhs'D-hB), (2.2) 



where the matrix M is 



M 



1 + e -1 + e 
-1 + e 1 + e 



-1 1 2z 
e ==1 logs, 

TV 



(2.3) 



and covariant derivatives are given by Df qa = [di + af)gA, D^ Ha = [di + a^ )hA- Here 
a comment about the coefficient 1/ g"^ in the action ( p.2| ) is in order. We shall compare 



result of perturbative calculations based on ( |2.2|) to the conventional perturbation results, 
so we need be careful in setting the same convention about the coupling constant. From 
the rescaled action (|1 . 1|) , the weighting coefficient of the second term is l/{2g^). A factor 
2 comes from writing the second term in the light-cone coordinates and integrating out 
the longitudinal coordinates. 

The Wilson lines operators V± introduced earlier for calculating the quark-quark scat- 
tering amplitude can be written in terms of qa and Ha, since A± = -d±GG~^. Let 
9 = 9291^ and h = h2h'^^ , then Vj^ = g, V- = h. The quark-quark amplitude then 
becomes 

A{s,t = -q') = -^{{9 - l){q){h - l){-q)). (2.4) 

Zm-i 

We shall next simplify the effective action (|2]^) before discussing the correlation of these 
two Wilson line operators. 

So far we have not fixed any gauge. Consider the a^ independent part of (|2.2|) first: 



S{9: h) = — I d^z[{l + e)tr(5r2 ^dig2 - 9i ^di9i){h2 ^dih2 - h^ ^dihi) 

+ 2etY[g~'^digi{h2^dih2 - h'^^dihi) + h'^^ dihi{g:^^ dig2 - gi^digi)] 
+ AetY{g^^d^gih^^d,hi)]. 

It is easy to see from the above equation that fluctuations of g2^dig2 — gi^digi and 
h2^dih2 — K^^dihi are controlled by g'^, and fluctuations of g^^digi and h^^dihi are 
controlled by g'^e~^, a parameter much greater than g'^. Therefore, the second term in the 
above action is negligible compared to the flrst term and the third term. Next, observe 
that 

4etv{g^^dmhi^d,hi) = etr {{g^'dm + h-^d^f ~ {9i^d,9i - K^dM?) , 

and g^^digi + h^^dihi essentially decouples from the action, if we ignore the second term 
in the action. Now recalling the deflnition g = g2gi , h = h2h^ and deflning G = gih^ , 
the a^ independent part of the effective action is simplifled to 

S[g,h,G] = ir [ (fz[ii{g-^digGh-^dihG-^) - eil{G-^^^G)\ (2.5) 
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where we have ignored the term proportional to e in the flrst term in (|2.5| ) . It is seen that 



this action is written in terms of g, h, "physical" flelds associated with Wilson lines, and G 



which plays an important role as a coupling field. In 2+1 QCD, ( p.5|) is the whole efi'ective 
action, if we choose the Landau gauge a^ = 0. 

In 3+1 QCD, we can not choose a gauge in which a^ = 0. There are two parts 
in the a -dependent part of the effective action. The first part contains no e, and can 
be neatly included in (|2.5|) by replacing g~^dig and h~^dih with g~^D^g and h~^D^h 
respectively. Here we define Dfg = dig + [af ig] and D~h = dih + [a~, h]. The second 
part is proportional to e. Once again, we can drop out some terms in this part and keep 
the most relevant one, which is 



4 [ d^z4etr{a+Ga-G-^). 
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Finally, we add the a^-dependent part to (p^) and obtain the full effective action 



S[g,h,G,a^] = ^ f d^ztr[g-^D+gGh-^D-hG-^ ~e{G-^diGf + 4eatGa-G-^]. (2.6) 



3. O-cj) correlator 

We show that reggeization of gluon fails to occur in the effective theory described in the 
last section, in 2+1 QCD. It seems to us that calculations in concerning Reggeization are 
also valid in 2+1 dimensions. Result of this section therefore poses the question whether 
the ansatz ( pj.3| ) need be modified. It remains an open problem whether reggeization occurs 
in the effective theory in 3+1 QCD. 

One of the reasons for working with 2+1 QCD is that calculations are extremely 
simplified, because the effective action is one dimensional and some terms in ( p.6| ) are 
absent. Moreover, as we shall see in the Sect. 5, the color singlet part of ( |2.1| ) can be 
calculated exactly and nonperturbatively with the one dimensional effective action. 

If there is only one transverse dimension, "gauge fields" a^ can always be gauge 
transformed into zero. The one dimensional effective action is therefore 

S[g,h,G]= f dxtr[^g-^gGh-^hG-^ -i\{G-^Gf], (3.1) 

J 9 ^ 

where the dot denotes the derivative with respect to x, and e^ = 2g'^\ogs/n. It is important 
to notice that so far we have been working in Minkowski spacetime, so there is a factor i 
in the front of the action in the path integral. The second term in ( |3.1j ) is pure imaginary. 
Together with an overall i, it becomes negative in the exponential in the path integral, 
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f dxtr[eG<j)G-^ - ^{G-^G)^]. (3.4) 



as it should be. From now on we assume that the gauge group is SU{N). To do the 
perturbative calculation, we expand 

g = e3^, /i = e»'^, G = e^>^, (3.2) 

The correlator of the two Wilson lines in the amplitude (|2.1D is expanded 

{{g{x) - 1)(M0) - 1)) = 9^e{x)<l>m + ^{e^x)<t>'m + .... (3.3) 

We are interested in reggeization of gluon which is weighted by a factor g^ and a 
function of e^ . So this is contained in the first term representing the exchange of the color 
octet (for SU{N) it is the exchange of adjoint multiplet). To check reggeization, we have to 
calculate this term at least up to order e'^. In other words, we have to calculate quantity 
{0°'{q)(f>^{—q)) up to two-loops, here we use the notation 9 = 6°-Ta, (/> = 4'"'Ta and the 
anti-hermitian matrices are normalized by trT^T;, = —6ab- For our purpose, it is enough 
to keep the quadratic term in 9-(f) in the action ( p.l|) : 

S 

At the tree level, the correlator is just the 9-(f) propagator —(i/q'^)Sab in (p.4|). At 
the one- loop level, there are two Feynman diagrams as shown in Fig.l. Solid lines in 
these diagrams are 9-(j) propagator, dotted lines are x propagator. Only two vertices out 
of infinite many vertices in the action ( |3.4| ) appear in Fig.l. These diagram are easily 
calculated. The result is 

r(g)c/)^(-Q)) = -4(1 + ^/)5„,, (3.5) 

up to one- loop. The integral / is 

J ZTV k^ + //^ 

where we have introduced an infrared cut-off fi. The reason for this integral to arise is that 
all couplings are derivative couplings, as readily seen from (|3.4|) . This integral is different 
from the standard result 0. 

' 2 J 2Tr{k^ + ^^){{q-ky + fi^)- ^ ' ' 
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Note that the usual calculation in 3+1 QCD is easily transformed into 2+1 QCD, so the 
integral ( |3.7|) takes the same form as in 0, except that it is now an one dimensional 
integral. The difference between / and /i is not crucial when fi is very small. Both of 
them can be calculated exactly. / differs from /i by 2^/{q'^ + 4fx'^), which approaches TTS{q) 
in the limit fi = 0. This difference is zero as long as (/ 7^ 0. So we conclude that up to 
one-loop, the effective action ( p.l|) yields the same result as in the conventional calculation. 
There are seventeen topologically distinct two-loop diagrams. We have drawn fifteen 
of them in Fig. 2. It is seen that at this order, all vertices up to the six vertex as in 2.h are 
needed. The sum of diagrams 2a-2k is 



5N'^eH 



I^Sab. 



48q2 

The remaining diagrams in Fig. 2 are obtained from those in Fig.l by replacing the x 
propagator with its one-loop correction. There are two additional such diagrams not 
drawn in Fig. 2. These are similar to 2k and 2m except that two three vertices attached to 
the bottom line are replaced by one four vertex. Since 21 cancels 2m, the other two also 
cancel each other. The sum of 2n and 2o is 

The second integral in the parenthesis is ultraviolet divergent. Conventionally this integral 
is regularized to be zero. We shall see in sect. 5 that indeed in an exact calculation of the 
color singlet part of the correlation of two Wilson lines, there is no ultraviolet divergence. 
Dropping out this term and taking all results together, the 9-(p propagator up to two-loops 
is given by 



A^e2 llA^2g4 
The reggeized gluon propagator is expected to be 



''{q)4>\-q)) = -72 (1 - -^I + —^^I^)^aB. (3.^ 



— ^e 2 dab 

We thus see that result in ( |3.8D fails to give a reggeized gluon. In the next section, we shall 
calculate 6-(f) with by a different method. The result will be the same as in ( p.8| ). That 
method is very efficient and we do not need to calculate so many diagrams as in Fig. 2. 
Also, the method will be used to do an exact calculation in sect. 5. The infrared divergence 
in / is absent in a color singlet quantity. 



4. Another calculation of 6-(j) propagator 

It is technically desirable to develop a simple method to calculate quantities such as 
6-(f) correlator considered in the previous section, to avoid calculating numerous diagrams. 
In this action we show that the one dimensional action (|3.4| ) can be easily transformed 
into a simpler action, with which not only perturbative calculation is simplified, but exact 
result is also available. 

The idea is to introduce sources for 9 and (j) and integrate out these fields. To calculate 
O-cj) correlator, we start with action ( |3.4| ). Introducing the source term 



dxtr{6J(j) + (pJe) 

Now the correlator {9°'{x)(j)^{0)) is written as 

1 S^Z 



(4.1) 



Z5j;(x)5J|(0)' 

where the partition function with sources is obtained by integrating out 9 and (p: 

Z= f [dG]Bet{G)exp[i f dztr{-^{G-^Gf 

- / dxdye{z - x)e{z - y)J^{x)G{z)j0{y)G~^{z))], 

where the determinant is defined by 

Det(G) = f [ded(j)]exp{i f dxtr{eG(j)G-^), 

and the function e{z) is the step function e{z) = 1/2 when ^ > and e{z) = —1/2 when 
z < 0. An infrared cut-off factor exp{—^\z\) is sometimes needed for this function. 

It is easy to show diagrammatically that the above determinant gives rise to an ultra- 
local term in the action, and therefore can be absorbed into the definition of the measure 
[dG]. Hereafter we simply ignore this factor. By a simple manipulation, we find that the 
correlator is given by 

T{q)<P\-q)) = \{lr{T^GT,G-^){x)). (4.2) 

r 

The expectation value of ir{TaGT},G~^) is independent of x and is defined with an action 

S{G) = -\ f dxtr{G-^Gf. (4.3) 



This action is the one dimensional analogue of the principle chiral model. Interestingly, 
it can be derived from the two dimensional Euclidean QCD on a cylinder, where G is 
the holonomy around the spatial circle and x is the Euclidean time. However, there is 
an important difference between the 2D pure QCD and our model, i.e., in the 2D QCD 
a project operator projecting out color non-singlet wave functions is inserted in the path 
integral, while there is no such restriction in the model under consideration. Nevertheless, 
our model can be solved exactly too. Let us calculate { ^^ ) perturbatively. Since we know 
that {0°'(q)(p^{~q)) is proportional to 5ab, the identity in ( ^^21) can be further simplified: 



{0''{q)<PH-q)) = \5a,j^^C£TaGT^G-') = -^5^,_J_(trGtrG-i - 1). (4.4) 

a 

Expanding G in terms of x up to order e^, we have 

1 p2 p4 /Yp4 

^^(t.Gt.G-' - 1) = 1 + -^^(ti-x^) + J^J^T^^ii^^X^) + n(]VJ3T) <"-^'>- 

(4.5) 
Expectation values on the r.h.s. of the above equation can be easily calculated. We 
calculate the second term as an example. 

iVe^ 1 f dk 



iV2 - 1 5(0) 



|^(x"(fc)x'^(-fc)), (4.6) 



where the delta function in the denominator comes from the observation that the expec- 
tation value (trx2(x)) is independent of its position, and 5(0) is just the cut-off of the 
volume. To the first order, the correlator on the l.h.s. of the above equation is just 

Plugging this result back into (|4.6| ), we obtain the result —{Ne'^/2)I, in agreement with 
result obtained in the last section. So this simple result obtained from the x propagator 



summarizes two diagrams in Fig.l. Since we are interested in the correlator in ( [4.4| ) up to 
the order e^, we have to calculate the next order contribution to ( [4.6| ). This is given by 
the diagram in Fig. 3. This single diagram summarizes diagrams 2n and 2o in Fig. 2. Plug 
this quantity into (^^), 

(trx') = —I + ^— /'• (4.7) 



JY2 _ 1 N ^ / 2 
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We find that, had there been not for the last two terms in ( [4.5| ), this formula would give 
us reggeization. The last two terms can be calculated similarly. Up to the order e^, they 
are 






12(iV2 _iy ^ I 48 



These two terms together summarize diagrams 2a-2k. Taking results obtained into (4.5) 



(trCtrG'-^ -1) = 1 /H /^ + . . . . (4.^ 



A^2 _ 1 ^ ' 2 48 



This calculation is in full agreement with ( |3.8| ), which was obtained by tediously counting 
many diagrams. 

5. The color singlet correlator: exact result 

Although we have not seen reggeization of gluon, this does not imply that Verlindes' 
approach is wrong. What we really have to calculate is color singlet amplitude, and this 
amplitude will give rise to the hadron scattering amplitude when properly folded by hadron 



wave functions |]T2|. From (|3.3|), the proper quantity to consider is 



^(tr6'2(x)tr(/)2(0)). (5.1) 



This is the leading term in the expansion ( |3.3D when we consider only color singlet combi- 
nation. High order terms in ( |3.3| ) should be included in principle, but it is inconsistent to 
do this with action ( |3.4| ) or even the unsimplified action ( |2.2| ), because higher order terms 
in g^ in the action are omitted. However, ( |5.1j ) contains all orders in e^. 

We shall calculate color singlet correlator ( |5.1| ) exactly with the action ( p.4| ) in this 
section, this will constitute our main result in this paper. To do the exact calculation, we 
introduce sources as in ( [4.1| ), then the correlator ( |5.1| ) is written as 

(tr6'2(x)tr(/)2(0)) = — /,^ ,, , r— , 

and this formula leads to, after integration over 6 and (/> 

(tr6'2(x)tr02(O)) = -2 f dzdz'e{z - x)e{z' - x)e{z)e{z'){G''\z)G''\z')), 
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where G""^ = tr (TaGTiG ^). Using some identities for unitary matrices, the above expres- 
sion can be further simphfied: 

(tr^2(a;)tr(/)2(0)) = - 2 / dzdz'e{z - x)e{z' - x)e{z)e{z') 

(tr {G-\z')G{z)) tr {G-\z)G{z')) - 1). 

Again, the correlator on the r.h.s. of the above equation should be defined with action 
( [4 .31) . Before we set off to calculate this correlator, we remark that calculation of a general 
correlator, such as the one discussed in the last section, is very involved, although the 



particular correlator in (|5.2|) is surprisingly easy to calculate. 

By translational invariance, we set z' = 0. We also assume z > 0, because the 
correlator is an even function of z. We discretize the z line, the Euclidean action (after a 
factor i in the path integral is absorbed into the action) is 

^(^) = -^Y.^riG-'G^+^ - 1)2, (5.3) 

n 

where /S.z is the spacing between two adjacent sites. Define new variable Un = G~^Gn+i, 
then tv {G-\0)G{z)) = tY{Ui . . Ml) and tr {G-\z)G{0)) = tr{Ui . . .U^). Action (|3) 
becomes ultra- local in terms of new variables C/^, this is why the correlator is easy to 
calculate. It is easy to see that we need only to calculate 

J U,,U+ exp(-^tr(t/ - mdU. (5.4) 

Once this quantity is known, we replace U by Un and insert it into the correlator we want 
to calculate and obtain a recursion relation. Since spacing Az can be arbitrarily small, it 
is sufficient to calculate quantity ( |5.4|) up to the first order in e'^Az. This can be readily 
done and we only give the final result: 

/I Ne"^ p2 

U,jU+ exp(-^^tr(C7 - lf)dU = (1 - -^Az)5^j5ik + -Az5,k5ju (5.5) 

where we assume that the integral / exp( ^a^^ tr(?7 — l)'^)dU is normalized to one. Defining 

F(z) = (tr(t/i...t/i)tr(t/+...t/+)), 
and inserting into it (BTl) with U = Ul, we obtain F{z) = (1 — ^^Az)F{z — Az) + ^^-Az 



or the differential equation 

dz 2 ^ ^ 2 

12 



The general solution to this equation is F{z) = 1 + C ex'p{—^^-z), z > 0. To fix the 



2 

t2 



coefficient, let 2 = 0, from the definition of F{z) we know that F{0) = N . Thus C = 
N'^ — 1 and F{z) = 1 -\- (A^^ — 1) exp(— ^^^|2;|), here z can be either positive or negative. 
Substituting this exact result into ( ^.21) , we obtain our main result, 



dzdz't{z~x)e{z' ~x)e{z)e{z')e^^{ \z-z'\). (5.6) 

The rest of this section is devoted to a discussion and comparison of the above exact 
result to perturbative consideration. Physical implications of this result will be discussed 
in the next section. 

First transforming ( pT6| ) into momentum space, using e(/c) = J(ia;exp(— za;/c)e(a;) = 
—ik/{k'^ + fi"^), fi is a, infrared cut-off parameter, we obtain 

{tre'{q)tr<p'i-q)) = -2{N' - 1) J ^h^e{h)e{q - h)e{k2)e{q - /cs) 

f Ne^ 
dzexp{i{ki - k2)z ;^kl) (5.7) 

= _2(iV2 - 1) / -^^eiki)e{q - ki)e(k2)e{q - ^2)- 



We now see how the above exact result reproduces perturbative result in the first two 
orders. Let e^ = in the first equality in ( [5.7| ), integration over z yields a delta function 
d(ki — /C2). So to the first order, the correlator is 



{tre^{q)tr(j)'^{-q)) = -2{N^ - 1) f 



dk 



27r(P + ^2)((g_^)2 + ^2)- 



This result is the same as given by diagram in Fig. 4a. The factor A^^ — 1 come from taking 
trace, and the factor 2 is a symmetric factor. The above integral is infrared divergent, 
although the full result in ( |5.7| ) is finite. Take the next order, and do the integral 

dzW^'^'-''^^' - 2(^' - (ki - k2Y) 



((A;i-A;2)2+^2)2' 

where we introduced a cut-off factor in the integration. Because of the infrared singularity 
in the above formula, we can not simply drop out the //^ term in the numerator. Plugging 
the above formula into the first equality in (|5.7| ) , it is easy to see, after some simple calcula- 
tion, that the next order contribution to the correlator is exactly the same as coming from 
the H-diagram in Fig. 4b and two loop corrections to Fig. 4a. The H-diagram summarizes 
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many contributions in conventional calculation, and the result is written in terms of Lipa- 
tov's emission vertex 0. We thus verified that our exact result agrees with perturbative 
calculation. 

The integral in the second equality of (|5.7|) is like a generalization of the H-diagram 



in Fig. 4a, with an effective massive G-propagator. The mass is tti = Ne^ /2. Note that in 
2+1 dimensions the coupling constant (7^, therefore e^ indeed has a mass dimension. Here 
physics is drastically different from that in 3+1 dimensions, where there could be no such 
mass arising, since the coupling constant there is dimensionless. Finally, we perform the 
integral in ( |5.7[ ) and obtain 

{ire\q)ir<t.\-q)) = - ^f'' \ + [N^ - 1) (--5'{q) + ^5(,)) . (5.8) 

The first term in the above formula tells us that the color singlet correlator is effectively 
due to exchange of a single massive "pomeron". Indeed, combining this result with a 



factor (7/4 as in formula (|5.1| ), we find that the coupling constant between quark and 



the pomeron is g /y/2m = 9^ 2n\o s - ^i^^^ ^^i^ coupling constant depends on the total 
energy, the "pomeron" has no simple 2+1 spacetime interpretation. The second term in 
( ^.8|) unvanishes only when q = 0. 



6. Discussion 

6.1. Hadron-hadron scattering in 2+1 QCD 

Upon using wave functions of hadrons, and quark-quark and quark-anti-quark scatter- 
ing amplitudes, amplitude and cross section of hadron-hadron scattering can be calculated. 
We calculated in the last section the color singlet part of quark-quark scattering amplitude. 
It remains to be done the quark-anti-quark scattering amplitude. We now show that as 
for its color singlet part is concerned, the result is the same as for quark-quark scattering 
amplitude. According to , quark-anti-quark scattering amplitude reduces at high energy 
to a similar formula as in ( |2.1| ) , except that V- , the Wilson line for the right-moving quark, 
is replaced by VI for the right-moving anti-quark. This Wilson line is just h* . So the color 
singlet part of quark-anti-quark scattering amplitude is given by 

A{s^) = £^^-^ J dze-'^^ tve^zMrf). (6.1) 
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Since (j) is an anti-hermitian matrix, tr((^*)^ = tr(^*)^, (^* is the transpose of (j). By 
definition of trace, tr(0*)^ = trc^^. Thus, the quark- anti- quark scattering amphtude is 
identical to quark-quark scattering amphtude, if we are interested only in color singlet. 

Consider now hadron-hadron scattering amplitude. Since hadrons are color singlet 
states, physical processes only involve exchange of color singlet objects. The simplest 
possible exchange is two gluons, and there are also many corrections to this process. What 
we calculated in the last section is just these corrections up to all orders in e^. Let 
us calculate elastic scattering amplitude of hadron A and hadron B. Assume that the 
effective vertex for hadron A to emit two virtual gluons is $^^'^^(/c^, (g — kiY ,si)5ab, 
where si = — 2/ci ■ p^; and the effective vertex for hadron B is ^^^'^^(/cl, (? — /c2)^5 S2)5cd^ 
where S2 = 2/c2 ■ Pb- The scattering amplitude is 

A{s^ t) = j ^^^^r^kl {q - k,)\ s,Wr{kl (q - k,)\ .,)(2^)(2^) 

Aaa,hb{ki, q - /ci, k2, q - k2), 

(6.2) 

where Aab,cd is the amplitude generalizing two gluon propagators. Following |T^, we 

perform the integral over longitudinal momenta, the resulting integrand depends only on 

transverse momenta. We define the following "structure functions" depending only on 

transverse momenta: 



?A 



>B 



{Kq)= [p:^-^^7ikMci-k)\s^l 
{k.q)=l^^/-^^%^{kMq-k)^S2). 



(6.3) 



Contours are chosen to avoid the right and left cuts on the real axis. For details please 
consult [O]. The hadron-hadron amplitude is 

Ais. t) = 2is J ^^Mh. q)Mk2. q)KaA^u ^2, q\ (6.4) 

where A'^^ ^^ can be read off from the color singlet part of quark-quark amplitude. Applying 
the same procedure to quark-quark scattering, we would obtain a similar formula as ( |6.4|) , 
now the effective vertex for quark to emit two gluons is proportional to {TaTb)AB (consider 
color singlet only). Taking trace over A,B, it is just —5ab- Thus, from (^77|), we find 



A'aa^bbiki, /C2, q) = (N^ - l)e{ki)e{q - ki)e{k2)e{q - k2) _^ y + N'^e'^/A ' '^^'^^ 
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This amplitude is real. We have taken another sign in ( |2.1|) into account. Note that in ( |6.2| ) 
only two gluon exchange and its corrections are taken into account, while ( |6.5|) contains 
more terms, such as exchange of three gluons, see 0. Nevertheless ( |6.4|) still works in this 
general case, provided we properly modify 4>a and (I)b- 

The integral in ( |6.4| ) has no divergence at /ci = or /c2 = 0, for (^^i or ^^ is equal to 
the difference of values of a function taking at ki and ki = 0. 4) a is a symmetric function 
of ki and q — ki, so there is no divergence at ki = q. There is no divergence in ( |6.4| ) at 
ki = k2 either, since summation of all orders cures the infrared problem. When the energy 
is extremely high, function 



(fci - ^2)2 + iV2e4/4 
does not depend on ki — /c2 sensitively for a large range of momenta, so it can be effectively 
replaced by 4/{Ne'^). The amplitude (|6.4|) is approximated by 



^(^' ^) = ^''^Ne^ ^^ I ^^Mkuq)Mk2, q)e{kMq " h)e{k2)e{q - k^). (6.6) 

The double integral effectively factorizes into two independent integrals. The double inte- 
gral is dimensionless, since each structure function (j) contains a factor g^ therefore has a 
mass dimension, s is measured by a certain mass, thus it is dimensionless. We conclude 
that the amplitude A(s, t) has a dimension of l/e^, the length dimension, as it should be in 
2+1 dimensions. Apart from a factor s, the amplitude decreases as l/e^ ~ 1/logs at high 
energies. This physics is quite different from what happens in 3+1 dimensions, where one 
expects that apart from s, there is an additional Regge-like factor s", a > 0. The absence 
of this factor in 2+1 dimensions is reasonable: there is no way to construct a dimensionless 
parameter a out a dimensionful parameter g^. 

The amplitude (|6.4|) can be used to calculate the elastic cross section ae- In 2+1 
dimensions, the formula of cross section at high energy is given by 



c^e = ^^ dq\A{s,t)\' 



where the integral is over the transverse component of the momentum transfer. Prom the 
above formula and ( |6.6D , we find that the elastic cross section falls off like 1/e^ ~ l/(log s)^. 
The total cross section, by the optical theorem, is given by 

at lmA{s,t = 0). 

s 
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Thus, the total cross section falls off like 1/e^ ~ 1/logs. 

In conclusion, we have shown that the high energy behavior of hadron-hadron scat- 
tering in 2+1 differs drastically from that in 3+1 dimensions. This is not surprising for a 
couple of reasons. First, the coupling constant in 2+1 QCD is dimensionful, so the theory 
is super-renormalizable. This property is reflected in the one dimensional effective action 
for high energy scattering, there is simply no ultraviolet divergence. For the same reason, 
there is an effective mass gap Ne^ arising in high energy scattering. Second, there is only 
one transverse dimension in 2+1 spacetime, so there is no arbitrarily high transverse an- 
gular momentum. As a result, one does not expect Regge behavior arises, which is due 
to exchange of states of high spins. The lesson from the study of this paper is that one 
should be extremely careful in extending any results obtained in lower dimensions to full 
four dimensions. 

6.2. Some comments on 3+1 QCD 

We have used the trick of integrating out the 6 and (j) flelds to solve our problem in 2+1 
QCD. This very same trick can be generalized to 3+1 QCD, starting with the effective 
action ( p.6|) . Up to the leading order in g^, which is what can be done consistently in 
Verlindes' approach, action ( p.6| ) becomes 



5[^, (/), G, a±] = fd^ztr[D+OGD-(PG-^ - ^{G'^d^Gf + ^afGa-G'^ (6.7) 

where we expanded g and h as in (|3.2| ). To integrate out 6 and ^, we do transformation 

(j) -^ G-^(j)G, a- ^ G-^a'G + G'^diG. 

Now the flrst term in ( |6.7] ) becomes tr(D^6D~(j)). Integrating out 6 and ^, we obtain the 
effective action for G and a^ 

S[G,a^] = itr\og[-D+D-] - ^ f d^ztr {{G-^d,Gf - a+ia' + d^GG'^)) , (6.8) 

where the determinant is deflned with respect to adjoint flelds 9 and (p. Now the Wilson 
line correlation function (|3.3|) is to be calculated as a correlator involving G and a^ with 
the above effective action. 

So far we have not chosen a gauge. On might choose the Landau gauge diO^ = 0, 
so ttj = tijdjO^. The effective action ( |6.8p for G and a^ can be evaluated. The flrst 
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term in ( |6.8|) , the term resulting from integrating out 6 and (f), will be similar to a Wess- 
Zumino-Witten model. This term, we believe, is responsible for the major difference in 
physics between 3+1 QCD and 2+1 QCD. When the total energy is extremely high, the 
second term in ( |6.8| ) is much smaller compared to the first term, since e^ is large as it 
contains a factor logs. The first term has no scale and therefore is conformally invariant. 
We thus expect that the leading contribution to the hadron-hadron scattering contains no 
mass gap. This agrees qualitatively with conventional leading log approach. However, one 
can not ignore the second term in ( |6.8| ), for it contains the kinetic term for G. Therefore, 
e^ thus log s must enter the calculation of scattering amplitude. We leave a detailed study 
of the model defined by (|6.8|) to the future. 
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Figure captions 

Fig.l One- loop diagrams contributing to 6-(f) correlator. 

Fig. 2 Two-loop diagrams contributing to 6-(f) correlator. 

Fig. 3 One-loop correction to the x propagator. 

Fig. 4 The box diagram fig. 4a and the H-diagram fig. 4b, contributing to the color singlet 

part of quark-quark scattering at the first order and the second order, respectively. 
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